
   

GRAPHS OF RATIONAL FUNCTIONS 

A rational function is a fraction of polynomials of the type 𝑦 ൌ
௚ሺ௫ሻ

௛ሺ௫ሻ
 where ℎሺ𝑥ሻ is strictly a 

function of x. e.g 𝑦 ൌ
ହ

௫ାଷ
 , 𝑦 ൌ

௫ାଵ

ଶ௫ା଺
 , 𝑦 ൌ

ሺ௫ିଵሻሺ௫ିଷሻ

ሺ௫ାଵሻሺ௫ିଶሻ
 , 𝑦 ൌ

௫మାସ௫ାଷ

௫ାଶ
 e.t.c 

Basic Investigations 

These provide information from which graphs are developed. These include; 
1. Points of intersection of the curve and the axes.( x and y- intercepts). 
(a) x- intercepts, 

     The curve cuts the x- axis when y = 0 

           i.e. for the curve  𝑦 ൌ
௚ሺ௫ሻ

௛ሺ௫ሻ
 ,      ௚

ሺ௫ሻ

௛ሺ௫ሻ
ൌ 0 

     →  𝑔ሺ𝑥ሻ ൌ 0 i.e.  The numerator = 0. 
      Example. 

      Find the x –intercepts of the following curves where applicable. 

       ሺiሻ 𝑦 ൌ ହ

௫ାଷ
   ሺiiሻ  𝑦 ൌ ௫ାଵ

ଶ௫ା଺
  ሺiiiሻ  𝑦 ൌ

ሺ௫ିଵሻሺ௫ିଷሻ

ሺ௫ାଵሻሺ௫ିଶሻ
      ሺivሻ  𝑦 ൌ ௫మାସ௫ାଷ

௫ାଶ
 ሺvሻ 𝑦 ൌ ௫మାଷ

௫ିଵ
 

     Solution; 

  Note ;( we shall just equate the numerators to zero where applicable) 
i. Since the numerator ≠ 0 i.e equals 5 then, the curve has no x- intercepts. 

 
ii.         𝑥 ൅ 1 ൌ 0 

         → 𝑥 ൌ െ1 Therefore the x –intercept is ሺെ1,0ሻ 
iii.        ሺ𝑥 െ 1ሻሺ𝑥 െ 3ሻ ൌ 0 

          → 𝑥 ൌ 1, 𝑥 ൌ 3 Therefore the x –intercepts are ሺ1,0ሻ and ሺ3,0ሻ 
iv.         𝑥ଶ ൅ 4𝑥 ൅ 3 ൌ 0 

                   ሺ𝑥 ൅ 1ሻሺ𝑥 ൅ 3ሻ ൌ 0 

           → 𝑥 ൌ െ1, 𝑥 ൌ െ3 Therefore the x –intercepts are ሺെ1,0ሻ and ሺെ3,0ሻ 
v. Since 𝑥ଶ ൅ 3 ൌ 0 has no real roots i.e  𝑥ଶ ൌ െ3  then the curve has no 

 x –intercepts. 
 

(b)  y- intercepts, 
     The curve cuts the y- axis when x = 0 

           i.e. for the curve  𝑦 ൌ
௚ሺ௫ሻ

௛ሺ௫ሻ
 ,the y-intercept occurs at  𝑦 ൌ ௚ሺ଴ሻ

௛ሺ଴ሻ
. Implying to get  

          the y-ordinate we just substitute x = 0 in the expression 𝑦 ൌ
௚ሺ௫ሻ

௛ሺ௫ሻ
. 

        → the y-intercept is the point ቀ0, ௚ሺ଴ሻ

௛ሺ଴ሻ
ቁ 

Page 1 of 9



   

Example. 
Find the y –intercepts of the following curves where applicable. 

ሺiሻ 𝑦 ൌ ହ

௫ାଷ
   ሺiiሻ  𝑦 ൌ ௫ାଵ

௫ሺଶ௫ାଵሻ
  ሺiiiሻ  𝑦 ൌ

ሺ௫ିଵሻሺ௫ିଷሻ

ሺ௫ାଵሻሺ௫ିଶሻ
    

Solution; 
Note; ( we shall just substitute x =0 in the expression given where applicable) 

i. 𝑦 ൌ ହ

଴ାଷ
ൌ ఱ

య
 

 → the y-intercept is the point ൫0, ఱ
య
൯ 

  
ii. 𝑦 ൌ ଴ାଵ

଴ሺଶሺ଴ሻାଵሻ
. Here y is undefined since the denominator equals zero    

           implying no y-intercept. 
 

iii. 𝑦 ൌ
ሺ଴ିଵሻሺ଴ିଷሻ

ሺ଴ାଵሻሺ଴ିଶሻ
 ൌ ିଷ

ଶ
ൌ െ1.5 

  → the y-intercept is the point ሺ0, െ1.5ሻ 
 

2. Turning points of a curve. 

These are points at which  
ௗ௬

ௗ௫
ൌ 0 . 

Examples 
Find the turning points of the curves below where applicable 

ሺiሻ  𝑦 ൌ
3ሺ𝑥 െ 3ሻ

ሺ𝑥 ൅ 1ሻሺ𝑥 െ 2ሻ
            ሺiiሻ 𝑦 ൌ

𝑥 ൅ 1
2𝑥 ൅ 6

        

Solution 

i. For  𝑦 ൌ ଷሺ௫ିଷሻ

ሺ௫ାଵሻሺ௫ିଶሻ
ൌ ଷ௫ିଽ

௫మି௫ିଶ
 , 

 

         For turning points, ௗ௬

ௗ௫
ൌ 0 . 

     ௗ௬

ௗ௫
ൌ

൫௫మି௫ିଶ൯.ଷିሺଷ௫ିଽሻ.ሺଶ௫ିଵሻ

ሺ௫మି௫ିଶሻమ  

 

    ଷ௫మିଷ௫ି଺ି଺௫మାଶଵ௫ିଽ

ሺ௫మି௫ିଶሻమ ൌ 0 

    െ3𝑥ଶ ൅ 18𝑥 െ 15 ൌ 0 
      𝑥ଶ െ 6𝑥 ൅ 5 ൌ 0 
     ሺ𝑥 െ 1ሻሺ𝑥 െ 5ሻ ൌ 0 
      𝑥 ൌ 1   , 𝑥 ൌ 5 
      When x = 1, 𝑦 ൌ ଷሺଵିଷሻ

ሺଵାଵሻሺଵିଶሻ
ൌ 3 

      When x = 5, 𝑦 ൌ ଷሺହିଷሻ

ሺହାଵሻሺହିଶሻ
ൌ ଵ

ଷ
 

Therefore the turning points are (1,3) and ቀ5,
ଵ

ଷ
ቁ 
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We shall continue straight to establish the nature of the turning points above 
As follows; 
𝑑𝑦
𝑑𝑥

ൌ
െ3𝑥ଶ ൅ 18𝑥 െ 15

ሺ𝑥ଶ െ 𝑥 െ 2ሻଶ  

     x   L 1     R      L       5     R 
Sign of ௗ௬

ௗ௫
    െ  0 ൅ ൅        0 െ 

 
 
 

      The turning points are ሺ1,3ሻ௠௜௡ and ቀ5, ଵ

ଷ
ቁ

௠௔௫
. 

Note: the expression, 𝑦 ൌ ଷሺ௫ିଷሻ

ሺ௫ାଵሻሺ௫ିଶሻ
 above could have also been differentiated by introducing 

natural logarithms as follows. 

           𝑙𝑛 ሺ𝑦ሻ ൌ 𝑙𝑛 ቀ ଷሺ௫ିଷሻ

ሺ௫ାଵሻሺ௫ିଶሻ 
ቁ 

           𝑙𝑛ሺ𝑦ሻ ൌ 𝑙𝑛ሺ3𝑥 െ 9ሻ െ 𝑙 𝑛ሺ𝑥 ൅ 1ሻ െ ln ሺ𝑥 െ 2ሻ 

           But 𝒅

𝒅𝒙
ሾ𝒍𝒏𝒇ሺ𝒙ሻሿ ൌ 𝒇ᇲሺ𝒙ሻ

𝒇ሺ𝒙ሻ
, 

So we apply that logarithmic differentiation on all the terms in our expression above as 
follows 
 

        ଵ

௬

ୢ୷

ୢ୶
ൌ ଷ

ଷ௫ିଽ
െ ଵ

௫ାଵ
െ ଵ

௫ିଶ
 

 

        ଵ

௬

ௗ௬

ௗ௫
ൌ ଷሺ௫ାଵሻሺ௫ିଶሻିሺଷ௫ିଽሻሺ௫ିଶሻିሺଷ௫ିଽሻሺ௫ାଵሻ

ሺଷ௫ିଽሻሺ௫ାଵሻሺ௫ିଶሻ
 

 

         ௗ௬

ௗ௫
ൌ ሺିଷ௫మାଵ଼௫ିଵହሻ

ሺଷ௫ିଽሻሺ௫ାଵሻሺ௫ିଶሻ
ൈ

ሺଷ௫ିଽሻ

ሺ௫ାଵሻሺ௫ିଶሻ
 

 

          ௗ௬

ௗ௫
ൌ ିଷ௫మାଵ଼௫ିଵହ

ሾሺ௫ାଵሻሺ௫ିଶሻሿమ 

 

          ௗ௬

ௗ௫
ൌ ିଷ௫మାଵ଼௫ିଵହ

ሺ௫మି௫ିଶሻమ  

 
ii. For   𝑦 ൌ ௫ାଵ

ଶ௫ା଺
        

 
     ௗ௬

ௗ௫
ൌ

ሺଶ௫ା଺ሻ.ଵିሺ௫ାଵሻ.ଶ

ሺଶ௫ା଺ሻమ ൌ 0 

           ൌ ସ

ሺଶ௫ା଺ሻమ ൌ 0 

           4 ൌ 0. ሺ2𝑥 ൅ 6ሻଶ  
Implying there is no solution. Therefore the curve has no turning points. 

Max

Min
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3. Restricted a rea. 
This is the region on the graph where the curve cannot exist.  
Examples 

Find the restricted region for the curve given by 𝑦 ൌ
ଷ௫ିଽ

௫మି௫ିଶ
 

Solution:  

 𝑦 ൌ
ଷ௫ିଽ

௫మି௫ିଶ
   

𝑦𝑥ଶ െ 𝑥ሺ𝑦 ൅ 3ሻ ൅ 9 െ 2𝑦 ൌ 0 
For non-real roots of x, 

ሾെሺ𝑦 ൅ 3ሻሿଶ െ 4𝑦ሺ9 െ 2𝑦ሻ ൏ 0 
9𝑦ଶ െ 30𝑦 ൅ 9 ൏ 0 
3𝑦ଶ െ 10𝑦 ൅ 3 ൏ 0 
ሺ3𝑦 െ 1ሻሺ𝑦 െ 3ሻ ൏ 0 
 𝑦 ൏

1
3
 

1
3

൏ 𝑦 ൏ 3 
𝑦 ൐ 3 

ሺ3𝑦 െ 1ሻ െ ൅ ൅ 

ሺ𝑦 െ 3ሻ െ െ ൅ 

ሺ3𝑦 െ 1ሻሺ𝑦 െ 3ሻ ൅ െ ൅ 
 
  ଵ

ଷ
൏ 𝑦 ൏ 3 

 The function cannot lie between ଵ

ଷ
 and 3 

4. Asymptotes 
An asymptote is a line to which the curve tends to approach (but actually never touches it) 
as one or both of the x or y values tend(s) to infinity. Asymptotes can be; 

 Vertical 
 Horizontal  
 Oblique ( slanting) 
 Curved asymptote. 

(a) Vertical asymptote. 
      A vertical asymptote is a vertical line to which the curve tends to approach    
      (but actually never touches it) as y values tend to infinity. 
      To obtain vertical asymptotes, we equate the denominator of the rational   
       function to zero and solve for x values. 
 
      Examples; 
Find the vertical asymptotes for the following functions where applicable; 

(i) 𝑦 ൌ
ହ

௫ାଷ
          ሺiiሻ 𝑦 ൌ

௫ାଵ

௫మିସ
     ሺiiiሻ 𝑦 ൌ

ሺ௫ିଵሻሺ௫ିଷሻ

௫మି௫ିଶ
  

ሺivሻ  𝑦 ൌ
2

𝑥ଶ െ 3
  ሺvሻ   y ൌ

𝑥ଶ െ 𝑥 െ 2
𝑥 ൅ 1

   

Page 4 of 9



   

        Solution. 

       We shall equate the denominator to zero. 

(i) 𝑥 ൅ 3 ൌ 0  
   𝑥 ൌ െ3 
 The line  𝑥 ൌ െ3 is the vertical asymptote. 
 

(ii) 𝑥ଶ െ 4 ൌ 0 
𝑥ଶ ൌ 4 

           𝑥 ൌ േ2 
  The lines 𝑥 ൌ െ2  and 𝑥 ൌ 2 are the vertical asymptotes 

(iii) 𝑥ଶ െ 𝑥 െ 2 ൌ 0 
   ሺ𝑥 ൅ 1ሻሺ𝑥 െ 2ሻ ൌ 0 
   𝑥 ൌ െ1 , 𝑥 ൌ 2 
     The lines 𝑥 ൌ െ1  and 𝑥 ൌ 2 are the vertical asymptotes. 

(iv) 𝑥ଶ െ 3 ൌ 0 
              𝑥ଶ ൌ 3 
               𝑥 ൌ േ √3 
             The lines 𝑥 ൌ െ √3  and 𝑥 ൌ √3 are the vertical asymptotes. 

(v)    𝑦 ൌ ௫మି௫ିଶ

௫ାଵ
 

              𝑦 ൌ
ሺ௫ାଵሻሺ௫ିଶሻ

ሺ௫ାଵሻ
 

              𝑦 ൌ 𝑥 െ 2 ,which is a line. But the original function is not defined at 
               𝑥 ൌ െ1 so the function is aline not defined at a point ሺെ1, െ3ሻ 
            The function has no vertical asymptote. As seen in the sketch below 
  

 
  
 
 

 

 

 

 

 

 

𝑦 ൌ 𝑥 െ 2 

𝑥 െ 𝑎𝑥𝑖𝑠 

𝑦 െ 𝑎𝑥𝑖𝑠 

   
   
   
   
   
   
   
  ‐
3
   
   
   
 ‐
2
   
   
   
‐1
   
   
   
   
   
1
   
   
   
 2
   
   
   

                           ‐2           ‐1                0        1        2
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(b) Horizontal asymptote. 
A horizontal asymptote is a horizontal line to which the curve tends to approach    

       as x values tend to െ∞ or ൅∞ or both. 
 
          How to find the horizontal asymptotes for rational functions  
 

 If the degree of the polynomial function of the numerator is less than the degree of the 
polynomial function of the denominator, then y = 0 (x – axis) is the horizontal asymptote 
of the rational function. 

 
Note; The degree of a polynomial is the highest power of the variable (say x or y etc.) in 
the individual terms of the polynomial. 
 
Example. 
Find the horizontal asymptote of the function  𝑦 ൌ ௫ାଵ

ሺ௫ିଵሻሺ௫ାଶሻ
 

Solution.  
We must expand first to create polynomials in the numerator and denominator to get, 
𝑦 ൌ ௫ାଵ

௫మା௫ିଶ
  

The degree of the numerator is 1 and that of the denominator is 2 
Therefore the horizontal asymptote is the line y = 0 (x – axis). 
 
If the degree of the polynomial function of the numerator is equal to the degree of the 
polynomial function of the denominator, then the horizontal asymptote of the rational 
function is; 

               𝑦 ൌ
ୡ୭ୣ୤୤୧ୡ୧ୣ୬୲ ୭୤ ୲୦ୣ ୲ୣ୰୫ ୵୧୲୦ ୲୦ୣ ୦୧୥୦ୣୱ୲ ୮୭୵ୣ୰ ୧୬ ୲୦ୣ ୬୳୫ୣ୰ୟ୲୭୰

ୡ୭ୣ୤୤୧ୡ୧ୣ୬୲ ୭୤ ୲୦ୣ ୲ୣ୰୫ ୵୧୲୦ ୲୦ୣ ୦୧୥୦ୣୱ୲ ୮୭୵ୣ୰ ୧୬ ୲୦ୣ ୢୣ୬୭୫୧୬ୟ୲୭୰
. 

Example  

Find the horizontal asymptote of the function  𝑦 ൌ
ሺ଺௫ିଵሻሺ௫ିଷሻ

ሺଷ௫ାଵሻሺ௫ିଶሻ
 

           Solution;  

 The function above expands to 𝑦 ൌ ଺௫మିଵଽ௫ାଷ

ଷ௫మିହ௫ିଶ
  

 The term with the highest power in the numerator is 6𝑥ଶ with coefficient 6   
 while the term with the highest power in the denominator is 3𝑥ଶ with   
 coefficient 3. 
The horizontal asymptote becomes 𝑦 ൌ ଺

ଷ
ൌ 2 

Therefore the horizontal asymptote is the line 𝑦 ൌ 2. 
 
Note; if the degree of the numerator polynomial is greater than the degree of the 
denominator polynomial, then the rational function does not have a horizontal asymptote 
but rather has either an oblique asymptote or curved asymptote as explained below. 
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(c) Oblique (slanting) asymptote. 
An oblique asymptote is a slanting line to which the curve tends to approach as x and y 
values tend to െ∞ or ൅∞. 
 
If the degree of the polynomial function of the numerator is greater than the degree of the 
polynomial function of the denominator by 1, then the function has an oblique asymptote. 
 
To obtain an oblique asymptote of the rational function, we first express the function in the 

form 𝑦 ൌ 𝑄ሺ𝑥ሻ ൅ ோሺ௫ሻ

஽ሺ௫ሻ
 using long division. 

The oblique asymptote is the line 𝑦 ൌ 𝑄ሺ𝑥ሻ. 
 
Example; 

Find the oblique asymptote of the curve given by 𝑦 ൌ ௫మାସ௫ାଷ

௫ାଶ
. 

Solution; 
Clearly the degree of the numerator function is 2 and that of the denominator is 1 which 
gives a difference in degrees of 1 implying we shall have an oblique asymptote. 

We shall first split the function  𝑦 ൌ ௫మାସ௫ାଷ

௫ିଵ
 using long division; 

 
  
 
 
 
 
 
This implies that 𝑦 ൌ 𝑥 ൅ 5 ൅ ଼

௫ିଵ
 

Therefore the oblique asymptote is the line 𝑦 ൌ 𝑥 ൅ 5 
 

(d) Curved asymptote; 
A curved asymptote is a curve to which the function tends to approach as x and y values 
tend to െ∞ or ൅∞. 
 
If the degree of the polynomial function of the numerator is greater than the degree of the 
polynomial function of the denominator by more than 1, then the function has a curved 
asymptote. 
 
To obtain a curved asymptote of the rational function, we first express the function in the 

form 𝑦 ൌ 𝑄ሺ𝑥ሻ ൅ ோሺ௫ሻ

஽ሺ௫ሻ
 using long division. 

The curved asymptote is the curve 𝑦 ൌ 𝑄ሺ𝑥ሻ. 
 

 𝑥ଶ ൅ 4𝑥 ൅ 3 
𝑥ଶ െ  𝑥       . 
          5𝑥 ൅ 3 
          5𝑥 െ 5 
                     8 

 𝑥 ൅ 5 

𝑥 െ 1 
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 Example; 

Find the curved asymptote of the rational function 𝑦 ൌ ௫యାଶ

௫
. 

Solution; 
 
Clearly the degree of the numerator function is 3 and that of the denominator is 1 which 
gives a difference in degrees of 2 implying we shall have a curved asymptote. 

We shall first split the function  𝑦 ൌ ௫యାଶ

௫
 using long division 

 
 
 

 
 
 
This implies that 𝑦 ൌ 𝑥ଶ ൅ ଶ

௫
 

Therefore the curved asymptote is the curve 𝑦 ൌ 𝑥ଶ 

(e) The behaviour( sign) of the curve 𝒚 ൌ 𝒈ሺ𝒙ሻ

𝒉ሺ𝒙ሻ
 in the interval െ∞ ൏ 𝒙 ൏ ∞. 

To determine the sign of the function throught its domain, we construct a table. 
The function, y can only change sign after the points where it cuts the x- axis and vertical 
asymptotes. 
We shall use the points above to create regions of the curve in our table. 
Examples; 

Establish the nature of the function 𝑦 ൌ
ሺ௫ାଵሻሺ௫ି଺ሻ

ሺ௫ାଷሻሺ௫ିଶሻ
. Indicating clearly its sign in the various 

intervals of x. 
  
Solution; 
 x – intercepts,  
ሺ𝑥 ൅ 1ሻሺ𝑥 െ 6ሻ ൌ 0 

       𝑥 ൌ െ1, 𝑥 ൌ 6 
     Vertical asymptotes 
     ሺ𝑥 ൅ 3ሻሺ𝑥 െ 2ሻ ൌ 0 
     𝑥 ൌ െ3, 𝑥 ൌ 2 

Region table. 
 𝑥 ൏ െ3 െ3 ൏ 𝑥 ൏ െ1 െ1 ൏ 𝑥 ൏ 2 2 ൏ 𝑥 ൏ 6 𝑥 ൐ 6 

ሺ𝑥 ൅ 1ሻ െ െ ൅ ൅ ൅ 
ሺ𝑥 െ 6ሻ െ െ െ െ ൅ 
ሺ𝑥 ൅ 3ሻ െ ൅ ൅ ൅ ൅ 
ሺ𝑥 െ 2ሻ െ െ െ ൅ ൅ 

𝑦 ൌ
ሺ𝑥 ൅ 1ሻሺ𝑥 െ 6ሻ
ሺ𝑥 ൅ 3ሻሺ𝑥 െ 2ሻ

 
൅ െ ൅ െ ൅ 

 

𝑥ଶ

 𝑥ଷ     ൅   2      
      𝑥ଷ                  . 

                          2           

𝑥 
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Note;  
 In the intervals where y is ൅, it implies that the curve is above the x - axis 
 In the intervals where y is െ ,it implies that the curve is below the x – axis 
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