GRAPHS OF RATIONAL FUNCTIONS
A rational function is a fraction of polynomials of the type y = 90

h(x)

functi ¢ x+1 (-1 (x-3) _ x%+4x+43
unctionotx. e.gy = "2V = ore 'Y T (x+1)(x=2) "7 x+2

Basic Investigations

where h(x) is strictly a

e.t.c

These provide information from which graphs are developed. These include;
1. Points of intersection of the curve and the axes.( x and y- intercepts).
(a) x- intercepts,
The curve cuts the x- axis wheny =0
gx) g _ 0
h(x)’ h(x)
— g(x) = 0i.e. The numerator = 0.
Example.

1.e. for the curve y =

Find the x —intercepts of the following curves where applicable.

My=75 (@ y= = e

(x+1)(x—-2)

x%44x43 x%+43
5 Wy =—

(iv) y =

Solution;

Note ;( we shall just equate the numerators to zero where applicable)
1.  Since the numerator # 0 1.e equals 5 then, the curve has no x- intercepts.

1. x+1=0

— x = —1 Therefore the x —intercept is (—1,0)
111. x—1Dx-3)=0

— x = 1,x = 3 Therefore the x —intercepts are (1,0) and (3,0)
iv. x2+4x+3=0

x+1Dxx+3)=0

— x = —1,x = —3 Therefore the x —intercepts are (—1,0) and (—3,0)
v. Since x? + 3 = 0 has no real roots i.e x2 = —3 then the curve has no
X —intercepts.

(b) y- intercepts,
The curve cuts the y- axis when x =0

i.e. for the curve y = E ; the y-intercept occurs at y = ggg; Implying to get
the y-ordinate we just substitute x = 0 in the expression y = %

— the y-intercept is the point (0 gggi)
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Example.
Find the y —intercepts of the following curves where applicable.

. _ 5 ‘. . x+1 _ (x—1)(x-3)
(l)y T x+3 (ll) y= x(2x+1) (111) y= (x+1)(x-2)
Solution;
Note; ( we shall just substitute x =0 in the expression given where applicable)
. 5
LY=o

—> the y-intercept is the point (O, g)

. _0+1
n.y= 0(2(0)+1)"
1mplying no y-intercept.

Here y is undefined since the denominator equals zero

_(0-1(-3) _ -3 _
T o(0+1)(0-2) 2 L5

— the y-intercept is the point (0, —1.5)

111.

2. Turning points of a curve.

. . d
These are points at which =o.

dx
Examples
Find the turning points of the curves below where applicable
. 3(x—3) y x+1
OY=Gina-2 )y =2r+6
Solution
i For y = 3(x-3) _ 3x-9

(x+D(x-2) x2-x-2~

For turning points, Z—z =0.
dy _ (x2-x-2).3—-(3x—9).(2x—1)
dx (x%2—x-2)2

3x2-3x—6—6x2+21x—9
(x2—x-2)2 -
—3x2+18x—15=0
x2—6x+5=0
x—Dxx-5)=0

0

x=1 ,x=5

- __3a-3) _
Whenx=1,y = Ta "
Whenx=5,y=—o3 =1

(5+1)(5-2) 3
Therefore the turning points are (1,3) and (5%)
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We shall continue straight to establish the nature of the turning points above
As follows;

dy —3x*+18x —15

dx  (x2 —x — 2)?

X L 1 R L 5 R
Signof £ | - 0 + + 0 -
dx
Max
Min

.. The turning points are (1,3),,;, and (5,1) .
3 max
3(x-3)
(x+1)(x-2)
natural logarithms as follows.
—n(3*3)
In(y) = In ((x+1)(x—2))
In(y) =n(Bx—-9)—In(x+1) —In(x — 2)
d _f'®
But & [Inf(x)] =22,
So we apply that logarithmic differentiation on all the terms in our expression above as
follows

Note: the expression, y = above could have also been differentiated by introducing

1dy _ 3 1 1

y dx 3x-9  x+1 x-2

ld_y _ 3(x+1)(x—2)-(3x=9)(x—2)—(3x—9)(x+1)
ydx (3x—9)(x+1) (x—2)

ay _ (—3x2+18x—-15) (3x-9)
dx  Bx—9)(x+D(x-2) " (x+1)(x-2)

dy _ —-3x2+18x-15

dx [(x+1)(x—2)]?

dy _ —3x°+18x-15
dx  (x%2-x-2)2
.. x+1
1n. For y= e
dy (2x+6).1—(x+1).2
dy _ ex#6)1-xtD2 _
dx (2x+6)2
— 4- —
T (2x+6)2
4 =0.(2x + 6)?

Implying there is no solution. Therefore the curve has no turning points.
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3. Restricted a rea.
This is the region on the graph where the curve cannot exist.

Examples
3x—9

x2—x-2

Find the restricted region for the curve given by y =

Solution:
_ 3x-9
T x2—x-2
yx?—x(y+3)+9-2y=0
For non-real roots of x,
[~y +3)]? —4y(9-2y) <0
9y2 —30y+9<0
3y2—10y+3<0

By-1Dlr-3)<0

y>3

GBy—-1) - + +
y—3) - -
By-1Dly-3) + - +

—+

S<y<3
. The function cannot lie between % and 3

4. Asymptotes

An asymptote is a line to which the curve tends to approach (but actually never touches it)

as one or both of the x or y values tend(s) to infinity. Asymptotes can be;
e Vertical
e Horizontal
e Oblique ( slanting)
e Curved asymptote.

(a) Vertical asymptote.

A vertical asymptote is a vertical line to which the curve tends to approach
(but actually never touches it) as y values tend to infinity.
To obtain vertical asymptotes, we equate the denominator of the rational
function to zero and solve for x values.

Examples;
Find the vertical asymptotes for the following functions where applicable;
. _ 5 iy _ox+1 _ (x-1)(x-3)
W) y=— (Dy==- (>(Dy=-—F"—
_ x?2—x—2
Wy=a3 W y=—"31
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Solution.

We shall equate the denominator to zero.

(1) X+3=0
x =-3
.. The line x = —3 is the vertical asymptote.

() x*—4=0

x2=4
x =42
. The lines x = —2 and x = 2 are the vertical asymptotes

@) x*2—-x-2=0
x+1Dx-2)=0

x=-1,x=2
. The lines x = —1 and x = 2 are the vertical asymptotes.
(iv) x2-3=0
x?=3
x =13
. The lines x = — V3 and x = V3 are the vertical asymptotes.
) _ x%—x-2
v Y= x+1
(1) (x-2)
T (x+1)
y = x — 2 ,which is a line. But the original function is not defined at
x = —1 so the function is aline not defined at a point (=1, —3)
.. The function has no vertical asymptote. As seen in the sketch below

A

y — axis
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(b) Horizontal asymptote.

A horizontal asymptote is a horizontal line to which the curve tends to approach

as x values tend to —oo or +o or both.

How to find the horizontal asymptotes for rational functions

If the degree of the polynomial function of the numerator is less than the degree of the
polynomial function of the denominator, then y = 0 (x — axis) is the horizontal asymptote
of the rational function.

Note; The degree of a polynomial is the highest power of the variable (say x or y etc.) in
the individual terms of the polynomial.

Example.
. . . x+1
Find the horizontal asymptote of the function y = DG
Solution.
We must expand first to create polynomials in the numerator and denominator to get,
x+1
T x24x-2

The degree of the numerator is 1 and that of the denominator is 2
Therefore the horizontal asymptote is the line y = 0 (x — axis).

If the degree of the polynomial function of the numerator is equal to the degree of the
polynomial function of the denominator, then the horizontal asymptote of the rational
function 1s;

coefficient of the term with the highest power in the numerator

"~ coefficient of the term with the highest power in the denominator’
Example

. . . (6x—1)(x—3)

Find the horizontal asymptote of the function y = GerD(e=2)

Solution;

6x2—19x+3

3x2-5x—2

The term with the highest power in the numerator is 6x? with coefficient 6
while the term with the highest power in the denominator is 3x? with

coefficient 3.

The function above expands toy =

The horizontal asymptote becomes y = 2 =
Therefore the horizontal asymptote is the liney = 2.

Note; if the degree of the numerator polynomial is greater than the degree of the

denominator polynomial, then the rational function does not have a horizontal asymptote
but rather has either an oblique asymptote or curved asymptote as explained below.
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(c) Oblique (slanting) asymptote.
An oblique asymptote is a slanting line to which the curve tends to approach as x and y
values tend to —oo or +oo.

If the degree of the polynomial function of the numerator is greater than the degree of the
polynomial function of the denominator by 1, then the function has an oblique asymptote.

To obtain an oblique asymptote of the rational function, we first express the function in the
R(x) . e

formy = Q(x) + DG USing long division.

The oblique asymptote is the line y = Q(x).

Example;
x%+4x+3

Find the oblique asymptote of the curve given by y = .

x+2

Solution;
Clearly the degree of the numerator function is 2 and that of the denominator is 1 which
gives a difference in degrees of 1 implying we shall have an oblique asymptote.

. . . x2+4x+3 . ...
We shall first split the function y = ——, using long division;
x+5
x—1| x2+4x+3
Cox2—x .
5x+3
5x—=5
8

This implies that y = x + 5+ %
Therefore the oblique asymptote is the liney = x + 5

(d) Curved asymptote;
A curved asymptote is a curve to which the function tends to approach as x and y values
tend to —oo or +oo.

If the degree of the polynomial function of the numerator is greater than the degree of the
polynomial function of the denominator by more than 1, then the function has a curved
asymptote.

To obtain a curved asymptote of the rational function, we first express the function in the
formy = Q(x) + % using long division.
The curved asymptote is the curve y = Q(x).
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Example;
x3+2

Find the curved asymptote of the rational function y =

Solution;

Clearly the degree of the numerator function is 3 and that of the denominator is 1 which
gives a difference in degrees of 2 implying we shall have a curved asymptote.

3
We shall first split the function y = xT+z using long division

This implies that y = x2 +§

Therefore the curved asymptote is the curve y = x?

(e) The behaviour( sign) of the curve y = 9% i1 the interval —o < x < co.
h(x)

To determine the sign of the function throught its domain, we construct a table.

The function, y can only change sign after the points where it cuts the x- axis and vertical
asymptotes.

We shall use the points above to create regions of the curve in our table.

Examples;
(x+1)(x—6)

3 ()’ Indicating clearly its sign in the various

Establish the nature of the function y =

intervals of x.

Solution;
x — intercepts,
x+1Dx-6)=0
x=-1,x=6
Vertical asymptotes
x+3)(x=2)=0
x=-3,x=2
Region table.

x<-3[-3<x<-1|-1<x<2|2<x<6 xX>6

(x+1) - — + + +

(x—6) - - - - +

(x +3) — + + + +

(x —2) — — — + +

_(+1Dx—-6) + - + - +
YT G -2)
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Note;
e In the intervals where y is +, it implies that the curve is above the x - axis
e In the intervals where y is — ,it implies that the curve is below the x — axis
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